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Abstract 

We consider the role of boundary conditions in the AdSd+i/CFTd correspon- 
dence for the scalar field theory. Also a careful analysis of some limiting cases 
is presented. We study three possible types of boundary conditions, Dirichlet, 
Neumann and mixed. We compute the two-point functions of the conformal 
operators on the boundary for each type of boundary condition. We show how 
particular choices of the mass require different treatments. In the Dirichlet case 
we find that there is no double zero in the two-point function of the operator 
with conformal dimension | . The Neumann case leads to new normalizations for 
the boundary two-point functions. In the massless case we show that the con- 
formal dimension of the boundary conformal operator is precisely the unitarity 
bound for scalar operators. We find a one-parameter family of boundary condi- 
tions in the mixed case. There are again new normalizations for the boundary 
two-point functions. For a particular choice of the mixed boundary condition 
and with the mass squared in the range —d 2 /A < m 2 < — d 2 /A + 1 the boundary 
operator has conformal dimension comprised in the interval , i . For mass 

squared m 2 > —d 2 /4 + 1 the same choice of mixed boundary condition leads to 
a boundary operator whose conformal dimension is the unitarity bound. 
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1 Introduction 



Since the proposal of Maldacena's conjecture, which gives a correspondence between a 
field theory on anti-de Sitter space (AdS) and a conformal field theory (CFT) on its 
boundary |J, an intensive work has been devoted to get a deeper understanding of its 
implications. In particular, a precise form to the conjecture has been given in ||||]. It 
reads 

Z A ds[M = J V(j> exp (-/[</>]) = ZcftIM = (exp d d xO<p ^ , (1) 

where 0o is the boundary value of the bulk field <fi which couples to the boundary CFT 
operator O. This allows us to obtain the correlation functions of the boundary CFT 
theory in d dimensions by calculating the partition function on the AdSd+i side. The 
AdS/CFT correspondence has been studied for the scalar field U 1| , the vector 
field §§[§§, the spinor field [000, the Rarita-Schwinger field 0|g|3 
graviton field 



p-form field JT^p 



the 

the massive symmetric tensor field and the antisymmetric 
In all cases Dirichlet boundary conditions were used. Several 
subtle points have been clarified in these papers and all results lend support to the 
conjecture. 

In a broader sense Maldacena's conjecture is a concrete realization of the holo- 
graphic principle [1{J[|2(J. We expect that any field theory relationship in AdS space 
must be reflected in the border CFT. An example of this is the well known equivalence 
between Maxwell-Chern-Simons theory and the self-dual model in three dimensional 



Minkowski space [pi ]. This equivalence holds also in AdS^ and using the AdS/CFT 
correspondence we have shown that the corresponding boundary operators have the 
same conformal dimensions [|J . Another situation involves massive scalar fields in AdS 
spaces. If the scalar field has mass-squared in the range —d 2 /4 < m 2 < —d 2 /4 + 1 
then there are two possible quantum field theories in the bulk |[22|| . The AdS/CFT 
correspondence with Dirichlet boundary condition can easily account for one of the 
theories. The other one appears in a very subtle way by identifying a conjugate field 
through a Legendre transform as the source of the boundary conformal operator [B3|. 



The existence of two conjugated boundary operators has been first pointed out in [24 



Since a field theory is determined not only by its Lagrangian but also by its bound- 
ary terms in the action we expect that the AdS/CFT correspondence must be sensitive 
to these boundary terms. This is easily seen to be true by computing the left-hand side 
of Eq.(|I]) for a classical field configuration. All that is left is a boundary term. If we 
start with different boundary terms in the action then we obtain different correlation 
functions on the right-hand side. 
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The origin of boundary terms in the action is due to the variational principle. In 
order to have a stationary action boundary terms, which will depend on the choice of 
the boundary conditions, must be introduced. The importance of these boundary terms 
for the AdS/CFT correspondence was recognized in the case of spinor fields where the 
action is of first order in derivatives and the classical action vanishes on-shell |25| . They 
also played an important role in the case of Chern-Simons theory ||. Therefore it is 
crucial to understand the implications of different types of boundary conditions for the 
same theory since they in general imply different boundary terms. 

In this work we will study the role of different types of boundary condition for the 
scalar field theory. We will consider Dirichlet and Neumann boundary conditions, and 
a combination of both of them which we will call mixed boundary condition. Each 
type of boundary condition requires a different boundary term. We will show that 
the mixed boundary conditions are parametrized by a real number so that there is a 
one-parameter family of boundary terms consistent with the variational principle. 

We will also show that different types of boundary condition give rise to different 
conformal field theories at the border. For the scalar field this was somehow expected. 
The two solutions found in |22[ correspond to two different choices of energy-momentum 
tensor. Both of them are conserved and their difference gives a surface contribution to 
the isometry generators. Although these two solutions were found in the Hamiltonian 
context by requiring finiteness of the energy they will reappear here by considering 
different types of boundary condition which amounts to different boundary terms in 
the action. We can also look for the asymptotic behavior of the scalar field near the 
boundary according to the chosen type of boundary condition. For the Dirichlet bound- 
ary condition it is well known that the scalar field behaves as x d J 2 V d / 4 + m near ^ e 
border at Xq = 0. There is no upper restriction on the mass in this case. It corre- 
sponds to one of the solutions found in |22| and gives rise to a boundary conformal 



operator with conformal dimension d/2 + \Jd?/A + m 2 . We will show that for a par- 
ticular choice of mixed boundary condition and when the mass squared is in the range 

—d 2 /4 < m 2 < —d 2 /4 + 1 the scalar field behaves as x ^ 2+ v /d / 4 + m near border. 
It corresponds precisely to the second solution of p2f and gives rise to a boundary 



conformal operator with conformal dimension d/2 — yd 2 /A + m 2 . Note that the upper 
limit for the mass squared —d 2 /A + 1 is consistent with the unitarity bound (d — 2)/2. 

Another important point that we will show is the existence of boundary conditions 
which give rise to boundary conformal operators for which the unitarity bound id — 
2)/2 is reached. They correspond to a massless scalar field with Neumann boundary 
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condition or to a massive scalar field with m 2 > —d 2 /A + 1 with a particular choice 
of the mixed boundary condition (the same choice which gives the boundary operator 



with conformal dimension d/2 — ^d 2 /A + m 2 ). In this way, using different boundary 
conditions, we obtain all scalar conformal field theories allowed by the unitarity bound. 

We will also analyze carefully two cases where the mass of the scalar field takes 
special values. In some cases the usual expansion of the modified Bessel functions in 
powers of Xq breaks down and we must use expansions involving logarithms. When 
m 2 = —d 2 /4 it gives rise to the asymptotic behavior x^ 2 ]hxq and the two-point 
function is obtained without troubles. This is to be contrasted with the usual limiting 
procedure where the mass goes to m 2 = —d 2 /4 but the two-point function has a double 



zero in the limit [p3fl . The other case corresponds to J d? /4 + m 2 integer but non-zero. 



In this case we just reproduce the known results. 

We should stress the fact that the use of different types of boundary condition (for 
given values of m? and d) allows us in general to get boundary two-point functions with 
different normalizations. This will affect the three-point and higher-point functions. 
Maybe this is related to the fact that AdS and field theory calculations agree up to some 
dimension dependent normalization factors [BB] but we will not discuss this further. 

The paper is organized as follows. In section 2 we find the boundary terms corre- 
sponding to each type of boundary condition. In section 3 we consider the Dirichlet 
case while in Section 4 we treat Neumann boundary conditions. In section 5 we consider 
mixed boundary conditions. Finally section 6 presents our conclusions. In appendix A 
we list all boundary two-point functions that we computed and appendix B contains 
some useful formulae. 



2 The Variational Principle 

We take the usual Euclidean representation of the AdSd+i i n Poincare coordinates 
described by the half space xq > 0, Xi G R with metric 

1 d 

ds 2 = —J2 dx^dx 11 . (2) 
x o M =o 

The action for the massive scalar field theory is given by 

h = \j d d+1 x (g^d^dA + m V) , (3) 
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and the corresponding equation of motion is 



^V 2 - m 2 j = 0. (4) 
The solution which is regular at Xq — > oo reads |5] 

^ = I 77T^ e ~ l1 * x i a ^ Mkxo), (5) 
J (2tt) 

where x = (x 1 , ...,x d ), k =\ k \, K v is the modified Bessel function, and 



' j + m 2 . (6) 



From Eq.(E|) we also get 



a,o(.r)= / e -** xt 1 a(k) 

(2vr) 



+ v K u (kx ) - kx Q K u+1 (kx ) 



(7) 



In order to have a stationary action we must supplement the action Jo with a 
boundary term Is which cancels its variation. The appropriate action is then 

I = h + h- (8) 

In order to capture the effect of the Minkowski boundary of the AdSd+i, situated at 
Xq = 0, we first consider a boundary value problem on the boundary surface Xq = e > 
and then take the limit e — > at the very end. Then the variational principle applied 
to the action / gives 

51 = - f d d X t- d+l <9 O e S(f)e + SI S = 0, (9) 



where (j) t and <9o0 e are the value of the field and its derivate at xq = e respectively. 
This equation will be used below to find out the appropriate boundary term Is for 
each type of boundary condition. 

For Dirichlet boundary condition the variation of the field at the border vanishes so 
that the first term in Eq. @ also vanishes and the usual action I is already stationary. 
Making use of the field equation the action / takes the form 
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It is to be understood that do<f) € in Eq.([H]) is evaluated in terms of the Dirichlet data 

To consider Neumann boundary conditions we first take a unitary vector which is 
inward normal to the boundary n M (xo) = (xq,0). The Neumann boundary condition 
then fixes the value of n' J '(e)d fl (f) e = d n (j) e . The boundary term to be added to the action 
reads 

h = - J d d+1 x d, (y/g <T <P d v <j>) = J d d x e^ 1 <\> t d ^ , (11) 
so that we find the following expression for the action at the boundary 

I N = ^Jd d xe- d <f ) ed n( j )e . (12) 

Here <p e is to be expressed in terms of the Neumann value d n <f) e . Notice that the on-shell 
value of the action with Neumann boundary condition Eq . fll~2|) differs by a sign from 
the corresponding action with Dirichlet boundary condition Eq. (TO) . 

We now consider a boundary condition which fixes the value of a linear combination 
of the field and its normal derivative at the border 

<f>(x) + an^d^x) = ip a (x) . (13) 

We will call it as mixed boundary condition. Here a is an arbitrary real but non-zero 
coefficient. In this case the surface term to be added to the action is 

n = \\ d d+1 x 8, (VS 9^ u dA n p d p $) = -f / d d x e~ d+2 «9 o e d & , (14) 
and we find the following expression for the action at the boundary 

Im = ~\f d d x e~ d+1 C <9o0 e • (15) 

Clearly do<p t in the above expression must be written in terms of the boundary data ipf. 
We then have a one-parameter family of surface terms since the variational principle 
does not impose any condition on a. In this way the value of the on-shell action Eq.([T5|) 
also depends on a. 

In the following sections we will consider each boundary condition separately. 
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3 Dirichlet Boundary Condition 

We begin by recalling the main results for the Dirichlet case Let (f) e (k) be the 

Fourier transform of the Dirichlet boundary value of the field <f>(x). From Eq.(|5|) we 
get 

e~2 (j) e (k) 



a(k) 

and inserting this into Eq.(^) we find 

d d k 



K v (ke) 



d (j) e (x) 



d d y 



(27T) 



e -ik-(x-y) £ -l 



d , K v+1 (ke) 

2 + V - kt ^Jke) 



(16) 



(17) 



Then the action Eq.fllOD reads 



I D = ~- I d d x d d y </> e (x) (fi € 



d d k 



d K u+1 (ke) 

-2 + - kf -luM- 



The next step is to keep the relevant terms in the series expansions of the Bessel 
functions and to integrate in k. We consider first the case v ^ that is m 2 ^ — x - 
For completeness we list the relevant modified Bessel functions in Appendix B. For 



v not integer we make use of Eqs. (|90|j9^) , whereas for v integer but non-zero we use 
Eqs.( [9l]j95l) . In both cases we get the same result 



v r(f + 1/) 

1 D — ~ 



d 
712 



d d x d d y 4> e (x) (fi t 



x-y | 2 ^ 



+ 



(19) 



where the dots stand for either contact terms or higher order terms in e. 
Taking the limit || 

\ime u ~ ^(fi e (x) = (fio(x), 



to go to the border and making use of the AdS / CFT equivalence in the form 

exp (-I A ds) = (exp (J d d x 0(f) <fi Q (x) 



we find the following two-point function 



Orf\x)Orf° l 



2v r(f + i/) 



d 

7T2 



-7?|2(|+^) 



(20) 



(21) 



(22) 



x-y 
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Then the conformal operator O^f on the boundary CFT has conformal dimension 
I + za From Eq.fl2"0|) we find that near the border behaves as Xq 2 ~ v '<f>o(x) as expected. 
In this way we have extended the results of @)|| to the case v integer but non-zero. 

For future reference we note that in the particular case m — 0, that is v = 
Eq.fl2|) reads 

d T(d) 1 



d 
2 ' 



O d \x)0_ 



D 



d 
7T2 



x-y 



\2d 



(23) 



so that the operator O d 2 has conformal dimension d. 

Now we consider the case v — 0, that is m 2 = - j. Since the two-point function 
Eq.(|22|) has a double zero for v = it was argued |23[] that the correct result can be 
found by introducing a normalization on the boundary operator. Instead we will make 
use of the expansion for the Bessel function K . Using Eqs. ( |9T| , |93"D we get 



ke 



Kijke) 
K (ke) 



1 



In e 
In k 



1 + ^flne + 0(e 2 ) 



In k — In 2 + 7 
In e 



ln 2 e 



+ 



(24) 



where the dots denote all other terms representing either contact terms in the two- 
point function or terms of higher order in e. Notice that it is essential to separate the 
contributions of k and e in the terms In ke in order to identify the relevant contributions. 
Substituting in Eq.fllBD we find 



T1S=0 

1 D 



1 



d d x d d y 



x 



ln 2 e 



d d k 



(25) 



The integration in k is carried out by making use of Eq.(^) yielding 

r(§) ,„ ... £ -« 1 



TU=0 

1 D 



A d 

Ait 2 



d a x d a y 



[x 



ln 2 e I x — y 



+ 



(26) 



To go to the border we have to rescale (fi e using a factor of In e. This makes the rescaling 
somewhat arbitrary since any power of e in lne would do the job. So choosing the limit 



lim (e 2 In e) 1 (j) t (x) = 4>q(x), 



(27) 
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and making use of the AdS/CFT equivalence Eq.(|2T|) we find the following two-point 
function 

(0» D =\x)0^{y)) = ^M- —±— d ■ (28) 
x 1 27T2 | x - y r 

Then the conformal operator C^ =0 on the boundary CFT has conformal dimension 
| as expected. As anticipated in |5| the scalar field approaches the boundary as 

x'q 2 lnxo 4>o(x) due to the logarithm appearing in the expansion of the Bessel function. 



4 Neumann Boundary Condition 

Using the Neumann boundary condition we get from Eq. (|7|) 

,j\ = d n (j) e (k) 

and substituting this in Eq.(|) we find 

(j)Jx) = f d d y d n My) [ e -^-v) 1 . (30) 

Then the action Eq.(|T2"D reads 

I N = - [ d d x d d y d n (j) e (x) d n (j) t {y) e~ d [ e ~^-v) 1 . (31) 

2 J y ; nVtyU! J (2n) d i + ]y -ke?0^ 

In order to keep the relevant terms in the series expansions of the Bessel functions we 
must consider the massive and massless cases separately. 

In the massless case we have v — |. For d odd we make use of Eq.(^), whereas for 
d even we use Eq . ( |9l|) . In both cases we get for d > 2 

' -(d-2)(ke)- 2 + (32) 



i _|_ ,/ _ he K "+^ ke ) 



up to contact terms and higher order terms in e. Substituting this in Eq.(|3"T|) we find 

f N =i = / d d x d d y d n cj> e {x) MM ^ J 7^ e-* (a_i0 k~ 2 + ■ ■ ■ , (33) 
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and performing the integral in k we get 



In" = --rr / d d x d d y d^x) d n <f> e {y) — + • • • , (34) 

47T2 J | x — y | a 

where the dots stand for either contact terms or higher order terms in e. 
Taking the limit 

lime^a- 1 d n (f) f Xx) = d n (p (x) 7 (35) 
and making use of the AdS / CFT equivalence of the form 

exp (-I A ds) = (e*P (J d d x 0(f) d n 4> (x)\ \ , (36) 
we find the following boundary two-point function 

Op{x)O v =Hv)) = *M , ^ \„*=i ■ (37) 
/ 27T2 \ x — y 



12- 

2 



Then for d > 2, even or odd, the conformal dimension of the operator N 2 is precisely 
the unitarity bound ^jp. From Eq.(|3"5]) we find that near the border the scalar field 

goes as x^ 2+1 d n (j) (x) . Comparing Eqs. (p3| , |37D we see that the conformal dimensions 
of the boundary operators for the massless Dirichlet and Neumann cases are different 
and for the later case the unitarity bound is reached. 



For the massive scalar field, that is v ^ ~, we first consider the case v ^ i.e. 
m £ -f . We have again to consider separately the cases with v not integer and v 
integer but non-zero. In both cases we find 

In° 4 = "4 / d d x d d y d n cj> e (x) d n Mv) , - + " ' ' ■ 

(38) 

Taking the limit 

lime 1 ' - * d n (j> £ (x) = d n (p Q (x), (39) 



d 

c" 

and making use of the AdS/CFT equivalence Eq.(|36|) we find the following boundary 
two-point function 

or%><°%) ^ ^ ^ . (40) 

/ 7T2 (i _ p \ i[y) \x-y\^* +V > 
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Then the operator O v N ' 2 has conformal dimension | + v and the field goes to the 

border as x^ 2 u d n (j)o(x). Comparing Eqs. P^j4H| ) we notice that the normalizations of 
the boundary two-point functions corresponding to the massive v 7^ Dirichlet and 
Neumann cases are in general different. 

Now we consider the case v — that is m 2 = — ^. Following the now usual steps 
we get 

IT° = -^4 / d d x d d y «9 n e (x) d n ct>M + • • • ■ (41) 

Taking the limit 

lim (ei In e) _1 d n (f) e {x) = d n (j) (x), (42) 

and making use of the AdS/CFT equivalence Eq. (|36|) we find the following boundary 
two-point function 

Then the conformal operator (9^r° on the boundary CFT has conformal dimension |. 

Near the border the scalar field has a logarithmic behavior Xq lnxo d n (j)o(x). Again 
we find that the normalizations of the boundary two-point functions corresponding to 
the v = Dirichlet and Neumann cases are in general different. 



5 Mixed Boundary Condition 

Using the mixed boundary condition Eq.flT3|) and again Eqs.(^,0) we get 

a (k) = e ' § tS. (44) 

v; \/3(a,u) + 2ap]K u (ke)-akeK v+1 (ke)' K J 



where /3(a,v) is defined as 



(3(a,v) = l + a(^-v). (45) 
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Substituting Eq.QP|) into Eq.(0) we find 

doM?) = I d d y MV) I — d e^ (arH0 e" 1 ^ + ^~ fc£ ^f . (46 ) 

Using this we can write the action Eq.(15) as 



i M = -i / a ^ v,® / ^ <-»-> - f ^7 fa 7l, (t „ . 

(2tt) /? (a, z/) + 2az/ - ake £ +1 { v ke) ' 

(47) 

As we shall see it is important to consider the cases (3 = and (3 ^ separately in 
order to find out the relevant terms in the series expansions of the Bessel functions. 

Let us start with the case (3 = 0. For (3 = we have a = — l/(f — v) and m^O. 
We first consider the massive case with v ^ 0, f . A gain we have to study separately 
the cases with i/ not integer and v integer but non-zero. Let us first consider the case 
v not integer. Making use of Eq.(^) with (3 = we get 

d , K v+ i(ke) d /{ . 



and 

1 d 



2~ V 



(3 (a, u) + 2au - ake ~ ^h){kef - 2^-^(ke)^ + 



(49) 



Notice that for < v < 1 the dominating term in the denominator of the r.h.s of 
Eq.fl4|) is (ke) 2v . Substituting in Eq.(g7D we get 



J^OKUKI = _ 2 2u-2 {Z _ U 



d V r(v) 



X 



2 j r(i-v) 

r d d k 

d d x d d y M$) My) t~ 2v ~ d j 7^1 e~ ik <^ kr 2v + 



(50) 



Integration over k thus yields 

'iS (2"^) r(i-i/) y - rtw if_^|2(f-) 



7 m = -— -r n - H wi 7 dxdy M x ) My) — — — 773 ^ + 



(51) 
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For v > 1 the dominating term in the denominator of the r.h.s of Eq.(f4*9|) is {ke) 2 and 
Eq.(|47|) reads 

T /3=0,u>l i -i \ ( d \ 

1 m = -(^-1) \2~ V ) 

x / d d x d d y ^ e (x) Ve($ e~ d ~ 2 / e-^-^-S) £r 2 + .... (52) 

Integration over k is carried out for d > 2 thus giving 

jfT V>1 = - ^¥ / ^ cfy V» e (5) MV) T^—^ + ■■■■ (53) 

\z ) 4^2 7 | a; — ^ | 2 

For the case v integer and non-zero we make use of Eq.([H]). The logarithmic terms 
vanish in the limit e — ^ and we find that the same result Eq.(|53|) holds for v integer 
and v not integer. 

Now in the action Eq.(|51|) we take the limit 

\ime- u -^ e (x) = ip (x) , (54) 
whereas in the action Eq. ( |53| ) the limit to be taken is 

lime~2~V e (x) = if)o(x). (55) 
Using the AdS/CFT equivalence 

exp {-lAds) = (exp (J d d x 0{x) V>o(x)) ) , (56) 
we get the following boundary two-point functions 

<*» = ^ g - ^ ^ , (57) 

Op-'HC^'ffl) = (" - 1) {\ - •>)' ^W- - ^ • (58) 

Then the operators O^°' 0<u<1 and O^ 0,u>1 have conformal dimensions \ — v and 
^rp respectively. For < ^ < 1 the field <fi approaches the boundary as x^ 2+v 'ipo(x) . 
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The derivation of the conformal dimension ~ — v for its associated boundary operator 
O^f 0,0<v<1 is a rather striking feature. It is worth noting that the upper constraint 



v < 1 in Eq.(p7D is consistent with the unitarity bound. 

For v > 1 we found a boundary operator whose conformal dimension is the unitarity 
bound Whereas we have already found such a conformal dimension in the massless 



Neumann case Eq.(|3TD we have here a different normalization for the boundary two- 
point function. We note that the behavior of the scalar field for small Xq is as it should 
be. 

Now we consider the case v = 0, that is m 2 = — keeping still a — — | 
find 

£Y (|) 



T /3=0,u=Q 
1 M 



167T2 



d x d y ip e (x) i/j, 



j , keeping still a = — -j. We then 

5 (y) , ^"L,, + (59) 



Taking the limit 



lim e 2 ip e (x) = ipo{x), 



and making use of the AdS/CFT equivalence Eq. 
two-point function 



(60) 

we get the following boundary 



O^= (x)O^=°( 



d>r (I ) 



3 ^ 

57T2 



(61) 



Then the conformal operator (9^ 0,u on the boundary CFT has conformal dimension 



f. Now the field 



goes to the border as x^ 2 ijj (x) and no logarithm is present. 
We find again that the normalization of the two-point function is different from the 
corresponding ones of the Dirichlet and Neumann cases. 

Let us now consider the case when (3 ^ 0. We study first the case v ^ 0. Again the 
cases v not integer and v integer but non-zero must be considered separately. We first 
study the case v not integer. Up to contact terms or higher order terms in e we find 



d , , K u+l {ke) (d N 

— h v — ke ; — — = v 

2 K v {ke) \2 , 



V 



r(i - v) 
r(iz) 



{ke 



,2;/ 



+ 



(62) 



and 



P (a, u) + lav - ake K » +l{ke) 



P(ot,u) 



+ 



(63) 
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Substituting in Eq.(g7|) we get 



/3^0,^0,f 
1 M 



1 1 r(l-z/) 



2 2 ^ (3 2 (a,u) I» 
x / d d xd d y^{x)^ e {y)^~ d 



d d k 
(2^ 



Integration over k yields 



V 



i r(f + z/ 



7T 



I /3 2 (a,z/) I» 



Consider now the case ^ integer and non-zero. We find 



d 



2 +U ~ k€ K u (ke 



K u+ i(ke) ( d 



— v 



i-(-ir 



1 



- V T 2 (Z/) 



(key Ink + 



(65) 
(66) 



and 



(3 (a, u) + lav - ake P(a,v) 
Substituting in Eq.(f47"D we get 



i+(-ir 



1 l - lv a 1 



(ke) 2lJ Ink + 



(67) 



^0,^0,4 



-If 2 



1 



1 



x / d x d y i> e (x) ip e (y) e 



2u-d 



d d k 
(2^T 



e -ik-(S-y) f,2u + . . . _ 



(6£ 



Making use of Eq.fl95|) we get Eq.(|65D again. So both cases v integer and v not integer 
yield the same result. 
Now taking the limit 

lime^a^x) = ipo(x), (69) 



e-*0 



and making use of the AdS/CFT correspondence Eq.(|56"D we find the following bound- 
ary two-point function 



O 



M 



x)0 



M 



2u i r(| + z/ 



(70) 
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so that the operator Q^ Q,U ^°'^ h as conformal dimension | + v. From Eq.(|69|) we 
find that the behavior of (f) for small Xq is as expected. Comparing Eqs.( p2| , ^0| , [70D we 
conclude that the normalizations of the boundary two-point functions corresponding 
to the massive v ^ Dirichlet, Neumann and f3 7^ mixed cases are different. 
We now consider the case v = that is m 2 = — ^. We find 



j m °' u=0 = - ' n , } 2 J I d d x d d y M?) My) T-r + - ■ ^ 

p^(a,0) 4^2 J ln z e \ x — y \ d 

Taking the limit 

lim (e^ In t)~ l ip € (x) = ip (x), (72) 

and making use of the AdS/CFT correspondence Eq . (|56D we find the following bound- 
ary two-point function 

so that the conformal operator O^ Q,u ~ on the boundary CFT has conformal dimension 
|. For small Xq we find a logarithmic behavior x^j 2 lna;o tpo(x). Again the normalization 
of the two-point function is different when compared to the corresponding ones of the 
Dirichlet, Neumann and (3 = mixed cases. 

In the massless case we have v = |. For d odd we make use of Eqs. (|90| , |9^) , whereas 
for d even we use Eqs.(^T|^Sj). In both cases we get 

17 1 = rfy / dd% ddy Ms) Myl + " ' ■ (74) 

Taking the limit 

lim ip e (x) = ip (x), (75) 

and making use of the AdS/CFT equivalence Eq.(^) we get the following boundary 
two-point function 

crf ( Qcrf®) = 4 St ■ (*>) 



7T^ 



r(f) I x-y 



_ d 



Then the operator O m 2 has conformal dimension d. The scalar field goes to the border 
as ipo(x) as expected. Comparing Eqs. (|23| , [76|) we conclude that the boundary CFT's 
corresponding to the massless Dirichlet and mixed cases are equal. 
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6 Conclusions 



We have shown how different boundary conditions in the AdS/CFT correspondence 
allow us to derive boundary two-point functions which are consistent with the unitarity 
bound. We have also done a careful analysis of the particular cases when v is an integer 
and we have shown that when v = there are no double zeroes in the two-point 
functions. 

In general the use of different types of boundary conditions lead to boundary two- 
point functions with different normalizations. It is not clear at this point whether they 
are important or not. It is necessary to compute the three-point functions in order to 
clarify if the different normalizations are leading to different boundary CFT's. 

In the Neumann case the unitarity bound is obtained for m = while with mixed 
boundary conditions it is reached when (3 = and m 2 > — d 2 /4 + 1. The corresponding 
two-point functions have different normalizations. The conformal dimension d/2 — v 
is obtained in the case of mixed boundary condition with (3 = and —d 2 /4 < m? < 
—d 2 /4 + 1, and the normalization of the corresponding boundary two-point function 



differs from the one found in 23 



We have also tried to relate our formalism to the Legendre transform approach . 
We could think that both formalisms are related through some field redefinition but 
this is not the case. It is not possible to redefine the scalar field in order to turn a 
Dirichlet boundary condition into a Neumann or mixed one. If there is any relation 
between the two approaches it must be a very subtle one. 

Another important point is the interpretation of the new boundary conditions in 
the string theory context. Dirichlet boundary conditions are natural when thinking 
of the asymptotic behavior of the supergravity fields reaching the border of the AdS 
space. Possibly Neumann and mixed boundary conditions are related to more complex 
solutions involving strings and membranes reaching the border in more subtle ways. 
This of course needs a more detailed study. 
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8 Appendix A. Boundary Two-Point Functions 



The coefficients u, a and /3(a,u) are defined in Eqs.(|B| Jl3| , |45D respectively. Let us also 
define 

a{u) = \~v- (77) 
8.1 Dirichlet Boundary Condition 

OT^OT®) = % T 4±^ (78) 



Z7T2 | x — y 



8.2 Neumann Boundary Condition 



(x)0-> (y) ) = - (82) 

Z7T2 | x — y 



2 



0» N =\x)Or\y)) = (O" D = (x)O» D =°(y)} (83) 

8.3 Mixed Boundary Condition 

7 27T2 r(i - v) i f |%-«') 



C^lC^l) = {y - 1) 1 (85) 

Z7T2 | x — y | a 
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(oT^H^)oT^Hy)) = (OPWOFW) (86) 

(o v =Hx)o v P{$)) = (o v P{t)o u ohy)) (87) 

(O^= (x)O^=°(y)) = -^-^ (O» D = (x)O» D =°(y)) (88) 

(0^=\x)0^=\y)) = a\0) (O» D = (x)O» D =°(y)) (89) 



9 Appendix B. Some Useful Formulae 

9.1 Series Expansions for the Modified Bessel Functions K v 

For v not integer 

/ \2n / \ 2n 

(§) { z '\ 2 " TT- (I) 



K u {z) = -r(v) r{\- v ) - 



For z/ integer and non-zero 



E 

n>0 



E 

n>0 



n! r(n + 1 + i/) 



(90) 



Z VZ/ n =0 



- (-1)" 



E 

n>0 



In 



n\ \2 
z\ A(n + l) + A(z/ + n + l) 



2n 



n\ T(n + 1 + i/) 



where 



n-l 



A(l) = - 7 A(n) = - 7 +E- ( n ^ 2 )' 



m=l 



m 



(91) 
(92) 



and 7 is the Euler constant. 
For v — 

^oW = -E 

n>0 



Zn (_)_ A (n + l) 



2ti 



n! r(n + 1) 



(93) 
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9.2 Integration over the Momenta 



,] \ e -** k p = C p p ± -d, -d - 2, ... (94) 



where 



(2vr) d ' \x 

J-^e-^kHnk= d ^ T ^— + C p l T ^ p ^- d ,-d-2,..., (95) 
(2n) d dp \x\ d+ P ' \x\ d + p 

C, = ^wM- (96) 

7T2 J-l-oJ 
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